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Abstract. Considering the analytical development of the dynamic motion equation of beams, 

using the Direct Method approach, based on Bernoulli and Timoshenko’s theories, the 

influence of the effects of bending and shear stiffness, and rotational inertia for the behaviour 

of beams were obtained for different boundary conditions. From these equations, the natural 

frequencies could be obtained. This paper presents a parametric study of the influence of these 

effects for the behaviour of beams. The analytical results of the natural frequencies, obtained 

by Bernoulli and Timoshenko’s theories, were compared with the numeric results obtained by 

using the hybrid finite element method (HFEM). 



 

1 INTRODUCTION 

In the preceding paper, we presented the analytical development of the dynamic motion 

equation of undamped beams for four different boundary conditions: pinned-pinned, fixed-

free, fixed-pinned and fixed-fixed. Two theories are considered: Bernoulli’s theory is used to 

analyze the effects of bending and rotational inertia on the behaviour of beams, whilst 

Timoshenko’s theory is used to study the influence of bending and shear stiffness, and 

rotational inertia. 

In order to validate the analytical equations developed; this paper presents a parametric 

study of the influence of these effects on the behaviour of beams. The analytical results of the 

natural frequencies, obtained from Bernoulli and Timoshenko’s theories, were compared with 

the numerical results obtained by using the hybrid finite element method (HFEM). 

The HFEM summarizes a formulation for the general analysis of the dynamic response of 

elastic systems based on an advanced mode-superposition method developed by Dumont, 

(2006) and applied by Oliveira (2006) in the simulation of the behaviour of railway track 

elements (beam elements for Timoshenko and Bernoulli). The numerical solution of the 

frequency-domain equations are derived from a hybrid formulation for beam elements 

(Dumont & Oliveira, 2001; Dumont & Oliveira, 2006). The frequency-domain formulation 

leads to a nonlinear system, where the effective stiffness matrix is expressed as a frequency 

power series. The solution of the non-linear eigenvalue problem is obtained with an efficient 

algorithm (Jacob-Davidson) [4]. Finally the eigenvalues (frequencies) and the modal response 

of the problem are obtained. 

2 METHODOLOGY 

Basically, the parametric study took into account the influences of two parameters on the 

behaviour of beams. Firstly, the influence of the inertia was investigated, in the natural 

frequency of beams, by changing its properties, Table 1. The parametric analysis was then 

considered where the beam span varied from 2 to 10 m. The adopted steel sections were 

welded wide flanges (WWF) made of a 300 MPa yield stress steel grade. A 2.05 ×105 MPa 

Young’s modulus was adopted for the steel beams. 

Table 1. Geometrical characteristics of the beam’s steel sections 

Beam Area (cm
2
) Height (mm) I (cm

4
) 

W 150 x 13,0  16.6 148 635 

W 310 x 21,0 27.2 305 3776 

W 360 x 32,9 42.1 349 8358 

W 460 x 52,0 66.6 450 21370 

W 610 x 101,0 130.3 603 77003 

This work presents the comparison between the analytical and numerical results in terms of 

percent relative error, given by: 
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Where, va is the analytical result and vn is the numerical result. 

When considering the effects of the rotational inertia and shear stiffness, for Bernoulli’s 

and Timoshenko’s beam theory respectively, the frequency functions lose their periodicity, 

which makes it harder to find the natural frequencies. Within this context, this paper used the 



 

Bisection Method (BM) when a root is detected in a certain region. The difficulty in using the 

BM to find the roots of non-periodic functions is that this method needs two points in the 

function’s domain that have outputs with opposite signals. This indicates that there is at least 

one root between these two points. By not knowing the distance between the roots, the 

following can occur: 

• There is only one root between the two points 

• There are several roots between the two points 

• There are no roots between the two points 

Considering these situations, a pseudo-code is shown to describe the algorithm used in this 

paper. 

 

Figure 1: Algorithm used to find the roots of non-periodic functions 

Where Tol is the tolerance used in the Bissection Method, Roots is the vector used to store 

roots values, with its first element being set to 0, N is the wished number of roots, Nmax is the 

Maximum number of increments to find one root, Inc is the increment used to search for the 

roots, Counter is the parameter to store the number of increments used to find a root, P1 and 

P2 are the extreme points on which the algorithm searches for roots, Pav is the average of P1 

and P2, Fp1 is value of the frequency function at P1 and Fpa is the value of the frequency 

function at Pav. 

For i starting at 1 until N  

    While Counter < Nmax  

        If Fpa ≠ 0 

            If Fp1/Fpa < 0  

                Roots[i] = Bissection(P1, Pav, Tol) 

                P1 = Pav 

                Pav = (P1+P2)/2 

                Updates the values of Fp1 and Fpa 

                Counter = 0  

                Inc = Roots[i] - Roots[i-1] 

            Else 

                P2 = P2 + Inc 

                Pav = (P1 + P2)/2 

                Updates the values of Fp1 and Fpa 

                Counter = Counter + 1 

            End of If 

        Else 

            Roots[i] = Pav 

            P1 = Pav 

            P2 = P2 + Inc 

            Pav = (P1 + P2)/2 

            Updates the values of Fp1 and Fpa 

            Counter = 0 

        End of If 

    End of While 

    End of For 



 

3 RESULTS 

Figures 2 to 5 present the results of the parametric analysis considering the influence of the 

beam span for each boundary condition studied, pinned-pinned, fixed-free, fixed-pinned and 

fixed-fixed, respectively. It shows the natural frequencies calculated using the numerical and 

analytical approaches. It can be observed that the natural frequencies error decrease as the 

beam span increase. The maximum relative error was around 3%. 

 
(a) 

 
(b) 

Figure 2: Results of a pinned-pinned beam. (a) Analytical (b) Numerical 

For the pinned-pinned beam studied, Figure 2, the calculated error for the first natural 

frequency was close to zero for all beams span where the Bernoulli’s theory is considered. For 

the Timoshenko’s approach, the variation of the error is greater as the natural frequency 

increases. However, the variation of the error decreases as the beam span is increased, 

achieving the maximum error of 0.80% for the 2 m beam span. 

 
(a) 

 
(b) 

Figure 3: Results of a fixed-free beam. (a) Analytical (b) Numerical 

The fixed-free beam, Figure 3, presents a similar behaviour to the previous beams studied. 

However, the maximum error obtained occurs for the 2 m beam span using the Bernoulli’s 

theory. In this case it was about 2.86%, and the error for the Timoshenko’s theory was about 

0.52%. 



 

 
(a) 

 
(b) 

Figure 4: Results of a fixed-pinned beam. (a) Analytical (b) Numerical 

For the fixed-pinned and fixed-fixed beams, Figures 4 and 5, the behaviour of the natural 

frequencies are similar to the pinned-pined beam. Achieving a maximum value of 0.81% and 

0.82%, respectively, for the Timoshenko’s approach, and values close to zero from the 

Bernoulli’s approach. 

 

 
(a) 

 
(b) 

Figure 5: Results of a fixed-fixed beam. (a) Analytical (b) Numerical 

Following this work, Figures 6 to 9 present the results of the parametric analysis 

considering the influence of the inertia for each boundary condition studied, pinned-pinned, 

fixed-free, fixed-pinned and fixed-fixed, respectively. 

Figure 6 shows the results obtained from a pinned-pinned beam by changing its inertia 

properties. For the first inertia adopted, W150x13, The natural frequency error was about 

zero, for all modes. However, as the inertia was increased the error also increased. For the 

W610x101 steel section, it varied from zero for the first mode to about 0.015%, for the tenth 

mode, considering Bernoulli’s theory.  



 

 
(a) 

 
(b) 

Figure 6: Results of a pinned-pinned beam. (a) Analytical (b) Numerical 

This behaviour was similar to Timoshenko’s theory, but in this case the error was slightly 

greater than Bernoulli’s theory. For the first inertia considered, the error varied from zero, for 

the first mode, to about 0.12%, for the tenth mode. For the last inertia considered this error 

increased from zero to 10.1%. 

 
(a) 

 
(b) 

Figure 7: Results of a fixed-free beam. (a) Analytical (b) Numerical 

For the fixes-free, fixed-pinned and fixed-fixed, Figures 7, 8 and 9 the behaviour of the 

natural frequencies are similar to the pinned-pined beam. It means that the calculated error 

was practically zero for the Bernoulli’s approach. For the fixed-free beam, this error increased 

as the inertia increased, reaching about 3.5% for the tenth mode. 

 



 

 
(a) 

 
(b) 

Figure 8: Results of a fixed-pinned beam. (a) Analytical (b) Numerical 

For Timoshenko’s theory, the natural frequency errors were greater for all modes. Figures 

7, 8 and 9 clearly show that for highest modes these errors are greater. The tenth mode error 

associated to the highest inertia studied, W610x101, was around 18.67% for the fixed-fixed 

beam. 

 
(a) 

 
(b) 

Figure 9: Results of a fixed-fixed beam. (a) Analytical (b) Numerical 

4 CONCLUSIONS 

The purpose of this work was to develop analytically the dynamic motion equation of 

beams, using the Direct Method approach, based on Bernoulli and Timoshenko’s theories. 

The influences of these effects for the behaviour of beams were investigated by a parametric 

study. The analytical results of the natural frequencies, obtained by Bernoulli and 

Timoshenko’s theories, were compared with the numeric results obtained by using the hybrid 

finite element method (HFEM). 

The obtained results were absolutely satisfactory; the numerical values were very close to 

the analytical solution. This is due mainly to the numbers of terms involved, or mass matrix, 

considered at the frequency series. Furthermore, it can be noted that for small beams spans, 

the results were close to zero. This can be explained by the numerical model discretization 

adopted, 20 elements. 

The analytical and numerical results show that the natural frequency decreases as the beam 

span is increased, and it is increased as the inertia of the beam is increased, which is 



 

reasonable. Moreover, if the shear effect is taken into account the beam stiffness decreases 

and then the natural frequency also decreases. This can be seen by fixing the beam's length or 

its inertia and to observe that the natural frequencies are lower when one considers the effect 

of shear stiffness. 

For highest modes, above one tenth, the natural frequency errors between the analytical and 

numerical were increasing, reaching in some cases to around 30%. This can occur because the 

frequency function is non-periodic, i.e. the algorithm used to find the roots of the equations 

can be cracked. Or the error can be associated to the numerical method used. 
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